A formulation for the shock-wave structure is devised by the approximation of Boltzmann's equation by a simpler kinetic model. Initially, the distribution function in Boltzmann's colli sion integral is expressed in terms of a function of deviation from local equilibrium, the magnitude of which is unrestricted, and the analysis is specialized to hard sphere molecules. A model is then derived by assigning to the deviation function the first-order term of Chapman-Enskog's sequence which leads to Navier-Stokes equations. The model equation is shown to possess a description of a gas in a non-equilibrium state and to imply a Prandtl number value of f , the formulation also containing the Bhatnagar-Gross-Krook model as a special case. In applying the kinetic model to the shock problem, the collision frequency of the loss term is replaced by a set of mean frequencies (independent of the molecular velocity) each of which characterizes a specific macroscopic quantity. The shock equations are evaluated numerically for argon employing an interation scheme that is initiated by the Navier-Stokes solution. One iteration only to the flow variables is performed.
. I n t r o d u c t i o n
The shock problem is the case of a one-dimensional steady flow in which a transition occurs from one equilibrium state at -oo to another equilibrium state at + oo, the two states being related by the Rankine-Hugoniot conditions. The transition takes place over a layer whose thickness is of the order of a few mean free paths, across which the macroscopic variables of the flow undergo a sharp change. This sudden change of state is accompanied by viscous effects and heat conduction. The free stream Mach number is the one single param eter which characterizes the problem and is usually used as a measure of the strength of the shock. For a strong shock, the two end states are far apart thermodynamically and the changes across the transi tion layer are great. The flow in the shock layer is, therefore, highly non-uniform and its state can depart from equilibrium to the extent th a t the Navier-Stokes description is no longer applicable. Indeed, Liepmann, Narasimha & Chahine (1962) demonstrated, on the basis of the Navier-Stokes theory, th a t for strong shocks the Chapman-Enskog expansion parameters (y/P) dUjdx and {yjPffi) dIn Tjdx attain, notably upstream, values far in excess of the limits imposed by the assumptions of the theory. Although these non-equilibrium effects may be related to the nature of the gas being locally rarefied, the problem as a whole has no characteristic length [ 195 ] with which a universal Knudsen number can be associated. These effects are dependent, therefore, only on the Mach number typical of the case. At present, there does not exist a general and reliable solution to the normal shock problem. In recent years, some im portant results in the kinetic theory of shock wave structure have been obtained through the application of a model of the Boltzmann equation advanced by Bhatnagar, Gross & Krook (1954) . Liepmann (1962 Liepmann ( , 1964 conducted on the basis of this model a revealing study of the problem, and subsequently Anderson (1965) and Chahine & Narasimha (1965) obtained exact numerical solutions for Mach numbers up to 10 in argon. Liepmann al. (1962, 1964) showed th a t the total enthalpy within the shock remained constant to within a small percentage and demonstrated th a t for strong shocks the Navier-Stokes description ceased to be applicable. The numerical solutions were found to reproduce the Navier-Stokes profiles for weak shocks but progressively departed from them as the Mach number increased. The result of this was thicker and more unsymmetrical profiles, in particular the tem perature profile, and the development of a long precursor upstream. The computed distribution function within the shock layer proved to be bimodal and the shock thickness obtained was some 25 % larger than the Navier-Stokes value at a Mach number of 10.
. F o r m u l a t io n
I t is accepted in current literature th a t the Boltzmann equation is fully capable of describing the shock structure in a monatomic gas for any shock strength. How ever, its highly nonlinear and complex collision term is the source of great difficulty in the treatm ent of most flow problems. The kinetic formulation employed here for a description of a gas state in non-equilibrium is th a t of a model equation replacing the Boltzmann equation and, in particular, one which approximates the gain term G and loss term L. A collision model such as this can be made to im itate the specific form of Boltzmann's collision term and its solutions are not limited to those of a small perturbation type. W ith the model equation it is most desirable to solve problems by the integral equation method as the approach is exact and avoids the difficulties associated with the treatm ent of the model's left-hand side term.
To approximate Boltzmann's gain and loss terms on the basis of an assumed distribution function, the representation/ = F(l + 0) is introduced, where F is a locally Maxwellian distribution and 0i s a deviation sarily a small quantity. Hence L = j F1{l + 0 1)rdkdV1 and G = J FF ( 1) Here r d ka ccounts for the geometry of the molecular encounter and d F represents a volume element dl^. df^y dVz in the space of the molecular velocity V. The introduc tion of 0 into the problem is made in order to separate in the collision term those quantities which are directly affected by departure from equilibrium from those which are not. While no restrictions are imposed on the magnitude of the use of the local Maxwellian distribution (rather than a particular distribution such as the free stream absolute Maxwellian, for example) will certainly help to restrict its variations. The formulation of the problem is further simplified by adopting the hard sphere molecular model and by applying a transformation whereby the explicit dependence of the collision term on the final molecular velocities is elimi nated. The gain and loss terms may then be expressed (B attat 1968) as follows:
where A is the mean free path,/? = (2JRJ,)~1and cisth e dimensionless random velocity, Cffi. Referring to (1), we verify th a t K0 relates to th a t p art of the integral which involves unity while 0 K X , 0 K 2 and ~0KX relate to 0 The K are average weighting functions given by K"(c) = (2n)-i e~°2+ (2c + c_1) J da:
The unit vector tix is perpendicular to the dimensionless relative velocity and lies in the plane containing g and the apse-line direction, and \jr and e are the impact angles. The problem at present is to choose an expression for 0 which is the sole remaining unknown in (2). Two such choices will be made and the resulting models will be determined and investigated.
3. E x p l o r a t o r y a n a l y s i s An inspection of (2) immediately suggests th a t an approximation to the loss and gain terms may be obtained by taking the deviation function 0 = 0. This simplifies the Boltzmann equation significantly and results in the model
wherein n is the number density and G is the mean random speed, V(8 In particular, if K 0 is approximated by its mean Maxwellian value, 2 t models become identical. The B.G.K. model is thus related to the Boltzmann equation and can be derived from it by the introduction of a few simplifying assumptions. The essence of the approximation behind these models is th a t the distribution function in the Boltzmann gain and loss terms is replaced by a local Maxwellian distribution. The presence of K0 in (4) implies th a t the rate of change in the number of molecules of a certain class depends on the collision frequency of this class, rather than on an overall average frequency as suggested by (5). Thus, the rate at which molecular properties are exchanged by collisions is not the same in both models, the B.G.K. model being characterized by a single relaxation time, whereas the present exploratory model exhibits an infinite number of relaxation times.
The Maxwellian distribution F appearing in (4) contains five constants, the values of which are prescribed by the conservation requirements which the model equation must satisfy. Specifically, it is necessary th a t j f iKo(c)(F-f)dV = 0,
where \]ri represents each of the collisional invariants. This indicates th a t the five constants in F, denoted here by n*, U* and T*, can no longer be correspondingly identified with the state variables, n U and T, as in the case of the B.G.K. model where K0 is approximated by a constant. On the other hand, it is easily shown that, for a gas state depending on time alone, the conservation requirements (6) auto matically ensure the applicability of the H-theorem to the exploratory model.
To see a bit further how this model differs from the B.G.K. model, we investigate the near-equilibrium solution by means of the Chapman-Enskog procedure. For the sake of clarity of the notation, rewrite (4) in the form
to indicate explicitly th a t the model satisfies the conservation requirements. The notation [if0/AVAJ* signifies th a t this expression contains A*, VA* and K0 of c*.
Following the Chapman-Enskog method, we expand the distribution / in powers of a small parameter. By evaluating the coefficients of the first two terms, we obtain the truncated solution to be simply f= F * (l +0*), (8 b) r being the position vector (x, y, z) and 8 the Kronecker delta. The quantity [A^/?]* is presumed to be of first order and any result of a calculation in which / is used will be correct to within the same order of approximation.
Initially, n, U and T m ust be related to n*, U* and T*. To first order we find th a t n = n*, T = T *a nd IT. 77*_ 8^° R « 3^k where
Thus, the macroscopic velocity U differs from U* but (U -17*) is a quantity of first order. I t is noted th a t if K0 is regarded as a constant, the value of A0 would be zero and 17* = 17. This is the case of the B.G.K. model. We are now in a position to determine, for example, the normal pressure com ponent pC% and find, to first order, th a t pci where A '-Jo K 0(x) s~x2dx, (10) and P is the mean pressure and p is the density. The star su altogether since the error so incurred is of a negligible order. Hence, a coefficient of viscosity can be defined,
Likewise, the determination of the heat flow moments allows the definition of a coefficient of thermal conductivity k,
The constants Ax and A2 have been evaluated and were found to be 1.1613 and 1.1468 respectively. On this basis, the Prandtl number characterizing the exploratory model has the value (Pr) = pcjk = AJA2 = 1.013,
whereas for the B.G.K. model (Pr) = 1, and the Boltzmann equation value for monatomic gases in the near equilibrium state is very nearly f . I t is seen th a t the introduction of the new parameters n*, * and T* into the model has presented no difficulty in investigating the near-equilibrium solution. The analysis shows th a t for a small deviation from equilibrium the B.G.K. model provides a good approximation to (4), at least at the macroscopic level. On the other hand, the inclusion of a variable collision frequency has not produced a Prandtl number any closer to the exact value. The ratio of heat conductivity to viscosity is still not given correctly. However, it is also recalled, by replacing//! by FFX in our model equation, first-order terms have been neglected which otherwise would have contributed to the first approximation of a Chapman-Enskog type of analysis. The conclusion, therefore, must be th a t both models are too simple to provide an adequate representation of the Boltzmann equation.
T h e m o d e l e q u a t io n
In order to make a more realistic choice for the deviation function, let ns examine the analysis by means of which the Boltzmann equation may be derived. In the course of this we look at the probability th a t a single molecule of a given class experiences an encounter with molecules of another specified class contained in a slant cylinder. The number of these molecules is based on the actual distribution function/. In the case of the B.G.K. and the exploratory models, a (local) Maxwellian distribution is ascribed to the molecules in the cylinder and their number is calcu lated accordingly. The next logical approximation to the collision term would seem to be to consider, instead of the Maxwellian, a distribution function th a t can describe a state of a gas slightly departing from equilibrium. This level of approximation t o / is provided by the first-order Chapman-Enskog distribution, the deviation function of which is given by an infinite series (Chapman 1916) . The choice of this distribution function is appealing as it stems from the kinetic theory and yields the reliable Navier-Stokes equations. However, the handling of the entire series is impracticable for calculating collision integrals even if the coefficients of the series are available. Nevertheless, it may be pointed out, a good approximation to the series representa tion, particularly at the macroscopic level, is provided by its truncated form,
( 1 4 ) where r = /jl \P and t~x, t~j are respectively components of heat flow vector and stress tensor, 8U"
L K J and t
(15)
In this, the dependence of the coefficient of viscosity, /i, on the temperature is considered to be known from the Chapman-Enskog solution. The parameters rjta and r/Cy? represent ratios of two times or, alternatively, some local Knudsen numbers associated with the rate at which the macroscopic quantities vary. The gain and loss terms must next be determined on the basis of the chosen distri bution and the direct method of integration is to calculate the original expressions as given by (1). This requires first the substitution for and with the aid of (14), then the expression of the final molecular velocities in terms of the initial velocities and the geometry of the collision. Finally, by adopting the hard sphere molecular model the resulting equations are rendered integrable. However, this approach involves very lengthy and tedious calculations which must also be repeated in full whenever a new expression is chosen for 0. An alternative approach, which proved to be tractable, is to make use of H ilbert's transformation of the linearized Boltzmann collision term (Chapman & Cowling i960, p. 129) . To this end, it is necessary to extend the transformation to include the nonlinear part involving 0 '0 ' 1,which is by far the most difficult term to calculate. The chief simplification which ensues is th a t the integration of the product 0'0[ is replaced by an integration of a quantity 0 1K/k {0) which does not involve the final molecular velocities. Thus, the next step in this approach is to introduce of (14) in (2) and perform the neces sary operations. The details of the method of integration are given elsewhere (B attat 1968) .
The model equation we are seeking to determine has the basic form 
The quantities 0 K lf 0 K % and 0K^ are obtained in the form 
The expressions for 0 K X , 0 K 2 and 0K^ arise as sums of terms involving the original Chapman-Enskog expansion parameters, or stress and heat flow com ponents, but with each term multiplied by some function K. The K are average weighting functions depending on the dimensionless random speed alone, and are given in the appendix. The model is characterized by two variable collision frequencies, L and G/F, and emerges as an extension to the exploratory model. The additional parameters, r/£a and Tltxp,are usually small but be state of the gas departs from equilibrium. The changes in these parameters are presumed here to provide a measure of the departure from equilibrium.
While all the K included in the gain term become unbounded as c-^oo, in any one term of G the function of c involved is always bounded in the velocity space. W ith regard to the loss term, there appears K 0 which is monotonically increasing with c, and Kn and K12 th at are always bounded. Further, the functions of velocity in the two terms of 0 K X are also bounded and are, at most, a few parts K0 in the vicinity of c = 1.
The model equation must next be made to satisfy the conservation requirements,
These conditions provide the five parameters which contains and yield for a one-dimensional case the definitions 
(216)
The state whose variables have been labelled by a star requires some elucidation. In the opening discussion of the present section the Navier-Stokes distribution was chosen for the purpose of approximating Boltzmann's collision term. The para meters n*, U* and T* of this distribution were presumably meant to be the actual state variables n, U and T. I t turns out, however, th a t they are not; their precise meaning is dictated by the conservation laws. Thus, all we have done at the outset in choosing the initial distribution is to specify its form, but not its real significance. I t appears th a t the model equation recognizes two distinct states, not necessarily both thermodynamic. The first is one governed by a distribution _F*(1 + (?>*) interpreted in such a way th a t the model has a summational invariant, and a second state governed by /. At equilibrium, / and become identical and equal to a uniform Maxwellian distribution. At near-equilibrium conditions, n and T degenerate to n* and T* respectively and U becomes equal to t/* except for a quantity of first order. When the state of the gas is removed from equilibrium, the starred quantities maybe quite different from the corresponding unstarred variables. In general, however, the powerful constraints imposed on our model by the con servation requirements are necessary since they ensure th a t it is physically meaningful. We may expect, therefore, th a t the emergence of the new quantities helps to enhance the validity of the model.
Inspection of the model equation shows th a t for a gas whose state depends on time alone, the quantities and &K4 vanish in view of the spatial deriva tives they contain. Under these conditions, the present model reduces to the exploratory model and, as such, satisfies the ^-theorem .
The determination of the Prandtl number value yielded by the model equation near the equilibrium state follows an analysis similar to th a t presented in § 3. The Chapman-Enskog first-order solution of the model is still given by (8) 
The constants A3 and have been evaluated numerically and were found to be 0.7085 and 1.6686 respectively. I t should be noted th a t the value of the constant (o in the present formulation may be taken from the Chapman-Enskog solution. For co = 1 (i.e. p -(57t/32) /?AO), we calculate Some insight into the validity of the model (16) may be gained by an inspection of the integral equation which results for/. In this the loss term L, given by (17) as the sum of K0 and 0K X , appears in the argument of an exponential function. Clearly, for any molecular velocity and at any point in the physical space, the loss term should not become negative as this implies a negative collision frequency and a diverging exponential function. The function K0 is monotonically increasing with c, having a minimum value of about 0.8 when 0, while 0 K 1 contains bounded functions of c which are comparatively very much smaller (maximum possible value being less than 0.08 at c ~ 1). In fact, the loss term does not become negative if the parameters Tjta and TlKfi are restricted to values smaller t limiting value may not be consistent with the model anyway). On the other hand, the behaviour of the gain term for large values of c is more difficult to determine. W hether it does become negative is not a priori evident, but generally the contribu tion of 0 i£ 4 to the gain term is of significance when departure from equilibrium is not small and also when molecular speeds are large. Indeed as c->oo, G is dominated more and more by 0K X and decays to zero through positive values. Even if the gain term does go negative for some large values of c, the presence of K0 in the exponential function ensures a rapid decay of such a contribution. Further, it will be shown later th a t the application of the model to the shock problem yields for a given shock strength values of r /^ and rjtxx which are smaller than those predicted by the Navier-Stokes solution. All this seems to indicate th a t the range of validity of the model is not very narrow. While for the Chapman-Enskog sequence to converge the parameters r/£a and rjta[> should not become much in excess of 0.2, this restriction is expected to be eased significantly for the present model, perhaps by one order of magnitude. On this basis it is concluded th a t the model can provide a description of a gas state removed from equilibrium. Whether, however, this description is in accordance with the Boltzmann equation we do not know, but for slight non equilibrium it is expected to be so.
S h o c k -w a v e e q u a t io n s
Eor a one-dimensional flow of a gas in the steady state and in the absence of external forces, the model (16) reduces to
V x df/dx = G*( V, x) -fL*( V, x). (26)
The gain and loss terms are given by (17) and contain in the present case a one dimensional Maxwellian distribution and the quantities =
T [K^(c)^ + KAo)(ol-\^)ltxxl 7 1>K, = T[K.n(c)cxj!x +K"jc) = r \ ( K a c% + K a )ltl + (Kl ,c% + cl{Kii + i K w} + K^i K lM ,
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The K functions are presented in the appendix and, by (15), we also have 
The starred variables are defined in terms of moments o f/b y (20) which, in addition to (28), make five equations relating the five quantities n*, U*, T*, T*\t* and T*/t*x. Consider a plane shock wave moving into a uniform gas and fix the coordinate system at the centre of the shock. Let the state parameters upstream (x = -oo) be nx, T J X and Tx, and downstream (x = oo) be U2 and the flow velocity being everywhere in the direction of the positive axis x. The gas is in thermodynamic equilibrium at both ends of the physical space, th a t is and /( V, + o o) = F2, and the parameters of the two end states are governed by the Rankine-Hugoniot relations.
The formal integration of (26) yields an integral equation fo r/. To introduce the boundary conditions, it is necessary to define the distribution function as /_ in the half space V x < 0 , and as / + in the half space V x > 0. The distributions/_ incorporate respectively the boundary conditions F2 and Fv The followingrepresentation is obtained:
where the complementary function containing the boundary condition has been omitted as the boundaries are at infinity. The boundary conditions are implicit in (29) since, far awny from the shock j F->F1 2, L and yields lim f± = Fx ; lim f± = F so th at the distribution is Maxwellian at both ends, x ± oo. The separate definition of the distribution function in the two ranges of the velocity space ensures that, for L* > 0, the exponential function is always well-behaved. From (29), the local number density is given in the present case by I* co i* o o pro r oo
and the flow velocity and tem perature are defined likewise. The method we intend to use to solve the shock equations is one of numerical iterations carried out on (30) and the auxiliary system (20) simultaneously. These two systems involve a fivefold integration of which three are with respect to V x, V y, F and a further two are with respect to x' and In order to calculate one iteration for n, U and T, five such integrations must be numerically performed for each quantity at each point of the physical space. Each additional iteration necessi tates not only the solution once of the auxiliary system (20), which means repeating the fivefold integration, but also the actual determination of the five starred quantities. However, the computational task would be radically different if the two integrations with respect to V y and V s can be performed analytically before computa tions are initiated. To effect this simplification, it is proposed to replace the quantity L*(V,x) in (26) by a function L{(x) independent of the molecular velocity and selected in such a way th a t the collisional invariant ij/i is conserved, where /q, = 1, = V x and 2 = F 2. Equation (26) is thus replaced by the following three relations
wherein G is now a function of the actual state variables. The functions Lfx) represent mean collision frequencies each of which characterizes a specific macro scopic variable. To determine these functions we impose on the conditions The numerator has previously been calculated and is given by the right-hand side of (20), while the denominator simply provides the lowest moments of/. We readily establish the result Li(x) = li(x)IA (x) ( 33 6) where Ijx) are given by (21). Thus, when i 0, equa of molecules and will be used to determine n(x). When 1, it conserves their momentum and will be used to find n(x) U(x) and, when i -2, the equation conserves the energy and will be used to determine 3
The approximation of L(V,x) has im portant consequences. First, the starred variables are eliminated from the problem. Secondly, the integration in (30) with respect to V y and V z may now be performed analytically. Thirdly, the shock equations still satisfy the conservation requirements. Fourthly, whereas for the B.G.K. model both collision frequencies, G\F and L, are approximated and se for all moments, in our case only L is approximated and different expressions are assigned to it for the different moments required.
The stage is finally set to write down the full set of equations which result from introducing (29), with the appropriate L^x), into the system (30). In the following we drop the subscript x in V x, Cx and T J X and in their dimensionless symbols, vx, cx and ux. We thus get The functions j0 and j 1 result from carrying out in (30) the integrations to V y and V a (B attat 1968) and the k's and s are weighting functions presented in the appendix.
The quantities which characterize the present description of the shock structure are j 0, j x,l0, lx and l2. All these functions depend on the two parameters r\txx and j \ t x and, in addition, j 0 and j x involve the weighting functions k and k. For the exploratory model, T/tx = T/txx = 0 and, from (36), k0 and B.G.K. model, on the other hand, it may be verified th a t its and j x values are equal and can be represented by the function (2/A y7r)exp{ -c2}. I t is interesting to note th a t this simple function is in good general agreement with both k0 and k0, although a significant and regular underestimation of the latter function does occur. (In fact, a B. G.K. model which matches the energy exchanged by collisions in a gas in equilibrium, y ie ld s^ = (|) (2/A /7r)exp{ -c2}.)
According to the Navier-Stokes description the variations in the parameters rltxx and rjtx across a shock wave exhibit a maximum on the upstream side, the value and the position of which depend on the Mach number. The increase in rjtx with Mach number is sharper than th a t in r\txx and, for strong shocks, both p ara meters attain such large values th a t the Navier-Stokes description can no longer be considered applicable. Likewise, the Navier-Stokes changes in and fnl2(x) have a minimum at the upstream side of the shock layer and, in general, follow the variations in TltX x and r\tx. For moderate Mach numbers, the values of these two quantities deviate little from unity, but for a Mach number 10.0 they assume values as low as 0.75 and 0.45 respectively. On the other hand, for the B.G.K. model the quantities %7rl0 and are constants independent of Mach number and equal to unity.
Strictly speaking, our model equation is applicable only to a gas composed of hard sphere molecules. However, to make its predictions verifiable by experiment it is proposed to apply it for the gas argon which has been frequently used in investi gations of the shock problem. For this purpose, the mean free path will be expressed in terms of j l i, using p = |pA(7, and then the viscosity-temperature relationship for argon will be employed to substitute for p wherever it occurs in the shock equations. Thus, the viscosity coefficient will be related to the tem perature with the index 0.816 instead of To investigate the significance of this substitution, suppose th a t the exploratory model appropriate for argon is required. The molecules of this gas are represented as point centres of force and the determination of the collision term necessitates the introduction of a cut-off in the force field. An exploratory model similar to (4) may result, having a collision frequency which depends on the viscosity coefficient of argon, on a finite numerical factor representing the particular cut-off and on a weighting function somewhat similar to K0, equation (3a). For a given moment of the distribution function, this model and the model (4) with an argon viscosity will yield results which differ by a numerical factor alone. However, it should be possible to match these results since the model derived for argon involves a free parameter. Thus, the significance of substituting in (4) /i for hard spheres by ji for argon would appear to be to impose a cut-off in a certain prescribed manner, the extent of the cut-off being different for the different moments calculated. I t is recalled th a t the application of the B.G.K. model to the shock structure in argon by
The shock equations (34) are solved by an iteration scheme th a t is initiated by the Navier-Stokes solution for argon at Mach numbers 1.5, 3.0, 5.0 and 10.0 and a Prandtl number value f. The numerical method used follows essentially the approach to Chahine (1965) . The law of conservation of mass is enforced at all points of the physical space thus reducing the variables of the problem to two, namely n(x) and T ( x ) .O ne iteration only to the macroscopic variables was evaluated. A sample of the numerical results obtained for n and T are plotted in figures 1 and 2 against the dimensionless physical coordinates x/A1 where Ax is the upstream Maxwellian mean free path, 2y1/p16r1. Some of the im portant features and impli cations of these results are discussed below.
(i) At Mx = 1.5 the iteration is in very close agreement with the Navier-Stokes profile. The maximum relative deviation, occurring a t x/Ax ~ -2.0, is about 0.5 % for n and U and 1 % for T. Thus, for weak shocks, the Navier-Stokes solution with (Pr) = | is in fact very close to the present kinetic solution.
(ii) For stronger shocks the iteration shows progressively larger deviations upstream, the transition layer thickens and a long precursor develops as predicted by the B.G.K. model. Furthermore, at M± = 5.0 and 10.0 the iteration exhibits the development of a kink in n and U profiles and a pronounced departure in the temperature profile from Navier-Stokes. In general, the deviations downstream are smaller than predicted by the B.G.K. model.
(iii) The changes in the local total enthalpy across the shock increase with Mach number and are more pronounced than either of those predicted by Navier-Stokes and the B.G.K. model. Thus at high Mach numbers the flow departs from a locally adiabatic motion.
In so far as the present formulation is concerned, the agreement a t low Mach numbers between the results of the computation and Navier-Stokes solution has significant implications:
(i) At least for low Mach numbers, the model equation provides a true representation of Boltzmann's equation, and the results of the iteration confirm th a t the Prandtl number of the model is sensibly - §.
(ii) The computer program, the computational methods used and the accuracy of the numerical techniques may be considered to be essentially satisfactory.
(iii) The approximation of the model's loss term by suitable mean values without also approximating the gain term, appears to be justified. This result gives confi dence in the validity of this approximation for strong shocks.
(iv) The results indicate that, in deriving a model equation for hard sphere molecules and then applying it to argon, the error so incurred is negligible.
The results obtained for the high Mach number cases may be considered to be in Q § 210 D . B a t t a t broad general agreement with the B.G.K. solution. However, a t M1 = 5.0 and 10.0 a kink develops in the density and velocity profiles. The question first arises whether the present model has been solved numerically exactly. Clearly in cases of strong shocks a single iteration cannot be expected to produce very accurate results and, indeed, the computed profile is quite different from the initial profile. A t Mx = 10.0, for example, the values of n and U a t xjAx = -1.0 deviate from the corresponding Navier-Stokes values by some 15 %, whereas the temperature, a t points -1.0, -2.0 and -3.0, departs by 62, 116 and 510% respectively. Also, at Mx = 10.0, the values of Tjtxx and t/^ a t sc/Aj = -2.0 are estimated to be -1.3 and 2.0 as compared with Navier-Stokes respective values of -1.5 and 3.0. In fact, an inspection of the new profiles indicates th a t the changes in rjtxx and rjtx are generally less pronounced than those given by the Navier-Stokes equations. Their new plots, while still showing a maximum, will be flatter and thicker. Thus, if the present results are used to generate a new iteration the sampling distances V xjLi upstream will generally be smaller than those used previously and new and somewhat less pronounced devia tions can be expected. This means that, as far as the internal consistency of the model is concerned, the values of rjtxx and rjtx predicted upstream by the N avierStokes solution are too large. In computing the present iteration this caused the sampling distance also to become too large which in tu rn resulted in exaggerated corrections in this region. I t may thus be concluded th a t on the upstream side of the shock all of our profiles are somewhat overestimated. The observed kink merely loosely marks the limit where the Navier-Stokes values of rjtxx and T/tx become more consistent with the description of the model. The absence of a kink in the temperature profile appears to be of no particular consequence. I t should be added th a t the corrections required to smooth out the n and U profiles and make the kink disappear are at most 2 to 3 % only. On the other hand, if the present results are used to generate a new iteration, the indication is th a t the profiles will be modified on the upstream side. The conclusion must be, therefore, th a t at this stage we cannot consider the kink as a real physical phenomenon implied by our model equation. The energy equation for the shock wave may be written in the form m(H -Hx) = UT -q where (37) H is the total enthalpy, r the viscous stress and q the heat flux. The relative deviation in the total enthalpy, HjHx-1, calculated on the basis of the plotted in figure 3 together with the corresponding Navier-Stokes variation. The plots show th a t Navier-Stokes total enthalpy remains constant to within a few per cent, whereas the present iteration predicts a progressively larger deviation with increase in Mach number. At Mx = 10.0, the maximum relative deviation is nearly 15% while the corresponding value of the B.G.K. model is under 6 % and the Navier-Stokes value for (Pr) = 1 is -5% (Liepmann et al. 1964) . Thus, our first iteration generally predicts a larger degree of non-equilibrium than does the B.G.K. model and displays the inadequacy at high Mach numbers of the N avierStokes description of the viscous and heat conduction effects.
In conclusion, the shock structure in a monatomic gas is contained in the present formulation. For weak shocks it provides a description which duly agrees with th a t of Boltzmann's equation, while for strong shocks further iterations are required to solve the model equation. The presence of the kink in the density and velocity profiles does not permit the customary definition of a maximum slope thickness though, at = 1.5 and 3.0, the maximum density slope thickness is in complete agreement with results of existing measurements. I t is considered th a t the computa tion of further iterations is necessary and worthwhile, a task which may entail refining the present computer programme or the use of a more suitable numerical method in order to curtail sufficiently the computing time. Only when more accurate numerical results are available can conclusions be drawn regarding the structure of strong shocks in the present model and the behaviour of its distribution function within the shock. The author is indebted to Dr M. T. Chahine for communicating tables of the Navier-Stokes solution for the structure of shock waves and to the Ministry of Technology for supporting the work. 
